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Abstract

Recent interest in solving planning tasks where full ground-
ing is infeasible has brought attention to how to compute
heuristics to guide the search at a lifted level. A% is a well-
understood heuristic for classical planning. Methods to com-
pute h® perform a forward fix-point computation, as this
takes polynomial time with respect to the grounded represen-
tation. However, this computational efficiency does not carry
over to lifted planning tasks, where it is EXPTIME-complete
to compute b,

In this paper, we introduce a novel approach for comput-
ing R on lifted planning tasks. Our approach proceeds
backwards, constructing a fully lifted regression graph whose
nodes are assessed using conjunctive query evaluation. We
provide a complexity analysis and show that our backward
computation is complementary to the traditional forward
computation. Our empirical evaluation confirms that there are
significant differences in the performance of both methods in
each domain. Overall, both methods are very complementary,
and their combination advances the state-of-the-art in lifted
h computations.

1 Introduction

It has been known since a long time that the grounding pre-
processes commonly used in state-of-the-art planning sys-
tems can be a performance bottleneck when the size of the
grounded representation is large (Erol, Nau, and Subrah-
manian 1995; Helmert 2009; Areces et al. 2014; Masoumi,
Antoniazzi, and Soutchanski 2015). In the last years, this
challenge has been taken up again with a drive to trans-
fer methods from heuristic search planning to the lifted-
planning setting, where grounding is avoided to the extent
possible. In particular, Corréa et al. (2020) introduced an
effective forward search by linking state expansion to an-
swering conjunctive queries over databases. Several works
have devised heuristic functions for the lifted setting, in-
cluding variants of the relaxed plan heuristic (Lauer et al.
2021; Corréa et al. 2022), landmark heuristics (Wichlacz,
Holler, and Hoffmann 2022; Wichlacz et al. 2023), and h%%¢
(Corréa et al. 2021).

We focus on A% (Bonet and Geffner 2001), which is
part of the canon of competitive delete relaxation heuris-
tics. The original computation is a grounded fix point for-
ward computation that assigns a value to each propositional-
fact. It starts at the current state, and iteratively updates

fact values if a cheaper achiever for a fact is discovered.
This takes time polynomial in the size of the grounded rep-
resentation. Corréa et al. (2021) extended this idea to the
lifted level. They adapt the state-of-the-art grounding tech-
nique (Helmert 2009) to generate one cheapest achiever on
demand from the lifted representation without generating all
actions that can achieve it. The computation is an essential
part of the top performing configurations on the standard
lifted planning benchmarks. This includes the integration
into h*F (Hoffmann and Nebel 2001; Corréa et al. 2022) as
well as combining it with best-first width search (Lipovetzky
and Geffner 2017; Corréa and Seipp 2022).

To better understand the strengths and limitations of pre-
vious h%?? computation methods, we analyze the complex-
ity of computing h%%¢ at a lifted level. We prove that the
general case is EXPTIME-complete, making an exponential
blow up unavoidable. The blow up in Corréa et al. (2021)
arises from tagging each fact with an h*?? value, which can
be exponentially many. We observe that /%?? often remains
polynomial-time computable when grounding all facts is
not. But, so far there is no alternative lifted /**® compu-
tation that works without grounding facts.

Here we fill this gap. We propose an alternative lifted
h%dd computation. Our approach works backwards (using
regression), gradually building new conditions represented
by lifted atoms until one is satisfied. Conditions are built
starting from the goal, by replacing unsatisfied parts with
lifted action preconditions that can satisfy them. This al-
lows to only generate one grounded certificate for some
lifted condition and so eliminates the tie to grounding all
facts. Variants of lifted regression appeared for various sim-
ilar purposes in the literature (McDermott 1996; Penberthy
and Weld 1992; Vieille 1986; Younes and Simmons 2003).
However, these variants ground more than our approach, ei-
ther through repeated (partial) variable substitution or a fi-
nal enumeration to combine results. Thus, they encounter a
similar bottleneck as grounding all facts. We identify lifted
planning tasks where our computation is guaranteed to be
polynomial. Further, we introduce optimizations to make the
computation practical.

We run an empirical evaluation on the standard lifted
planning benchmark set and compare our new h®?? com-
putation to the state-of-the-art lifted forward computation.
Like our theoretical analysis indicates, the empirical results



show that both methods are highly complementary on a per-
domain basis. Our new method outperforms the forward
computation in some domains, while the latter remains dom-
inant in overall performance. We combine both approaches,
leveraging their individual strengths, thereby advancing the
state-of-the-art in lifted 2%?? computation.

2 Background

A lifted planning task is a tuple IT = (P, O, A, Z,T"), where
P is a set of predicates, O is a set of objects, A is a set of
lifted actions, 7 is called initial state and I" is called goal. A
predicate p € P has a fixed arity |p|. We assume an infinite
set of variables X. The combination p(Z) of a predicate p
with a tuple &, of |p| variables or objects is called lifted atom.
P is the set of all lifted atoms. X (p(Z)) denotes the set of
variables of p(Z). For a set of lifted atoms L C PX the set
of all contained variables is denoted as X (L). p(Z) is called
grounded if X (p(Z)) = 0. We indicate this, where relevant,
by p(0). The set of all grounded atoms is denoted as P©. A
state, including Z, is a set of grounded atoms. The set of all
states is S. The goal I is a set of grounded atoms.

An action a € Aisatuple (pre(a), add(a), del(a), c(a)),
where pre(a), add(a), del(a) are sets of lifted atoms. c(a) €
R is the action cost. X (a) := X (pre(a)Uadd(a)Udel(a))
denotes the variables occuring in a. An action a is grounded
if all of its atoms are grounded. A task is grounded if all of
its actions are grounded.

Actions and atoms can be grounded by replacing its vari-
ables with objects. We formalize replacement similar to
McDermott (1996) by defining variable replacement func-
tions match(d) := {6 : X(§) — O} to replace the vari-
ables in some structure § € PX U AU 2P with objects.
6 € match(d) is applied to ¢ by replacing all occurrences
of a variable according to 6. This is denoted by 6(¢). E.g.
0(p(Z)) for a lifted atom or d(a) for an action. X (6) denotes
the domain of . This definition extends to variable remap-
ping o : X () — O U X, that are not guaranteed to ground
but can also replace variables by other variables. A grounded
task is obtained by replacing the actions a by all possible
grounded actions A® = {#(a) | a € A, 0 € match(a)}.

A grounded action f(a) € A® can be applied to
a state s € S if pre(f(a)) C s to obtain the suc-
cessor progr(s, a) := (s \ del(6(a)) U add(f(a))).
We denote progr(6,(ay), progr(..., progr(6;(a1), s))) by
progr(#1(a1), ...,0,(ay), s). A plan is an action sequence
91 (al)a R en(an) so that progr(el(al)v ERE on(an)a I) )
T". A task is solved by finding a plan.

2.1 Grounded Computation of /%

Bonet and Geffner (2001) introduced » 3¢ together with the
delete relaxation IIT of a planning task II, which is ob-
tained by removing the delete lists of all actions. The main
idea is to allow achieving grounded atoms independently
to simplify the planning problem. We define the achievers
for a grounded atom as: ach({p(d)}) = {6(a) € A® |
p(6) € add(6(a))}. And define h2%? as the point-wise

greatest function fulfilling:

0 ,ifG Cs

hedd (s, G) = { Lp@rec h** (s, {p(9)}) i |G # 1
i + hedd (s, 0 ,of
O (s, pre(6(a))), o/w
In practice h% is commonly computed by a bottom
up dynamic programming approach that stores the cheapest
value h24 (s, {p(5)}) for all p(c) € PC.

2.2 Satisfiability and Query Evaluation

If we always generated the entire set match(d) = {0 :

X (8) — O} for structures § € PX U AU 27" one could
also just ground the task. In most cases only a small subset of
variable replacement functions is relevant. These functions
are restricted by some condition expressed as a set of lifted
atoms L C PX and evaluated over a given state s € S. For-
mally we set match(s, L) := {6 € match(L) | (L) C s}.
A good example for such a restriction is given in Corréa
et al. (2020). They use match(s, pre(a)) to determine ap-
plicable grounded actions for some lifted a € A in a state
s € S. Here we link this evaluation to terminology and
well-known theoretical results from database theory, which
are commonly found in introductory books, including Abite-
boul, Hull, and Vianu (1995). To provide context, a conjunc-
tive query in these texts is essentially a set of lifted atoms
L C PX, our states serve as database, tables are a collec-
tion of variable replacement functions and match(s, L) is
the answer to the query L. We say that some state s satis-
fies L, denoted by s F L iff match(s, L) # . Checking
satisfiability s F L is NP-complete (Chandra and Merlin
1977) indicating the existence of a polynomial-sized cer-
tificate # € match(s, L) iff match(s, L) # ). Moreover,
there exist many practical criteria for L, that if fulfilled en-
sure that the computation of some # € match(s, L) runs
in polynomial time (Flum, Frick, and Grohe 2002; Grohe,
Schwentick, and Segoufin 2001). Still, the enumeration of
all results match(s, L) can be exponential in | X (L)|, even
in these tractable cases. This advantage of easy satisfaction
over an intractable enumeration is a key motivation for the
had4 computation we introduce in Section 4.

A commonly exploited tractable case is acyclicity, e.g. see
Beeri et al. (1981). A set of lifted atoms L C P¥ is acyclic
if there exists a tree with nodes L so that for any z € X (L)
and pl(fl),pz(.’fg) € L it holds that =z € X(pl(fl))
and z € X (po2(¥2)) iff there is a path in the tree from
p1(Z1) to p2(Z2). In this case it is possible to check satis-
fiability in polynomial time via the GYO algorithm (Gra-
ham 1979; Yu and Ozsoyoglu 1979). We call a planning
task acyclic if all pre(a) for a € A are acyclic. The suc-
cessor generation of Corréa et al. (2020) capitalized of the
fact that acyclic planning tasks are common in the Interna-
tional Planning Competition (IPC) benchmark set by using
Yannakakis algorithm (Yannakakis 1981), which is polyno-
mially bounded in both input and output. To limit the out-
put, we define the projection over variables Y C X () as
my(0) = {(z — 0) € 0| x € Y}. If X(Y) restricted
in size, then the output is guaranteed to be bounded w.r.t.



the lifted task representation and Yannakakis algorithm can
evaluate 7y (match(s, L)) in polynomial time. Many algo-
rithms, associate a weight w : s — R with every element
of a state s € S. This could e.g. be the h*¥? cost of each
atom in the state. In this case, Yannakakis algorithm, or other
join algorithms, can be adapted to compute the cheapest cost
min@Ema‘cch(s,L) Zp(j‘)eL w(e(p(f)))

PX* is the set of all multisets over PX. All introduced
definitions, including algorithms for satisfiability and query
evaluation, transfer canonically from sets to multisets as the
amount of elements in multisets is irrelevant in this context.

3 The Complexity of Computing Lifted /¢

In this section we identify the complexity of computing h%%¢

on lifted planning tasks and link this to advantages and lim-
itations of the lifted forward computation. The result em-
phasizes the necessity of considering different lifted h*?
computations. Due to space constraints, we present proof
sketches throughout the whole paper. Full proofs are pro-
vided in the Appendix.!

Theorem 1. Computing h®? on a lifted planning task is
EXPTIME-complete.

Proof sketch. Hardness follows by reduction from delete-
relaxed plan existence which is EXPTIME-complete (Erol,
Nau, and Subrahmanian 1995). (A delete-relaxed plan ex-
ists for s € S iff h294(s) # co.) Membership is proven by
grounding the task in time exponential in the lifted represen-
tation to compute grounded h*??, O

The membership proof computes h??? at the grounded
level, indicating that lifted h*?? computation is generally
as hard as grounding. This very closely aligns with Corréa
et al.’s limitation, as it is an adaptation of the grounding al-
gorithm by Helmert (2009) but has no general guarantee to
work better. In a nutshell its main performance advantage
closely aligns with the efficiency of join algorithms that pro-
duce a limited output. Instead of considering all grounded
actions, it can potentially determine only a subset of ac-
tions to tag all delete relaxed reachable atoms with their
hedd cost. However, this also means that the algorithm may
consider all grounded atoms, which we will identify as its
main limitation. We will refrain from revisiting the com-
plete approach. Instead, we want to view this limitation in
a more general setting, for any approach that assigns the
h®? value to each atom separately. To the best of our knowl-
edge, any known lifted progression, even outside the scope
of planning, contains an intermediate grounding step to ob-
tain grounded atoms. Thus we will associate this limitation
with lifted forward computations for 224 in general.

Before understanding when this becomes a limitation we
will emphasize the potential strength of such approaches.
This will later help to highlight that forward computations
can complement our backward computation. We do so by
constraining the two task properties influencing their run-
time exponentially. This is: (1) The amount of delete-relaxed
reachable atoms, by constant predicate arity. And (2) the

'fai.cs.uni-saarland.de/lauer/manuscripts/hsdip2024-tr.pdf

hardness of conjunctive query evaluation, by considering
acyclic tasks. These constraints align with insights from
prior research. In Lauer et al. (2021), tractability is achieved
by constraining predicate arity to 1, Corréa et al. [2020;
2023] exploit acyclic planning tasks.

Theorem 2. Computing h®*® on an acyclic lifted planning

task with predicate arity at most k € N is in PTIME.

Proof sketch. The restriction to limited predicate arity al-
lows to ground all atoms in polynomial time and space.
Thus we adapt the dynamic programming approach from
the grounded setting by considering grounded atoms and
lifted actions. We generate the currently cheapest achiev-
able atoms using Yannakakis algorithm. The restriction to
acyclic preconditions allows to do this in polynomial time.
Doing this iteratively, in a uniform cost manner, assigns the
cost a polynomial amount of times. O

Applying only one constraint at a time does not guarantee
a polynomial runtime. This is evidenced by the NP-hardness
of delete-relaxed plan existence under limited predicate ar-
ity (Lauer et al. 2021) for (1). And for (2), as any planning
task can become acyclic by increasing predicate arity, as we
prove in the following Proposition.

Proposition 3. For any lifted planning task 11, there is an
acyclic planning task TI' with size at most O(|I1|) such that
any plan in II can be rewritten to a plan in I’ and vice versa.

Proof sketch. Obtain I’ from IT by making the precondition
of each action a with X (a) = {1, ..., z,, } acyclic by adding
an atom p (1, ..., T, ). Further, add new actions u,,, of cost
0 that make p, (1, ..., x,,) achievable by having one add el-
ement p, (1, ..., T ), but no precondition. Thus a plan in II
can be converted to a plan in II' by adding w,, (01, ..., 05)
before each a(o, ...,0,) in the plan. The plan conversion
from I to IT works by dropping all u,,, actions. O

This marks an interplay between predicate arity and
acyclicity. It further highlights why in certain tasks it can be
detrimental to generate all delete relaxed reachable atoms.
Here a forward exploration would create all grounded atoms
for p, which grow exponentially w.r.t. predicate arity.

To illustrate the existence of interesting yet simplis-
tic domains with this limitation, we consider a simplified
version of the Childsnack domain from the lifted plan-
ning benchmark set, shown in Figure 2. The task is to
make sandwiches with multiple contents o.,,...,0., con-
nected by the sandwich predicate and serve them, denoted
by the served predicate, to children o., based on their
preferences denoted by likes. In order to serve a child
with serve_sandwich, the sandwich has to be created us-
ing make_sandwich. The available contents are denoted
by the predicate inKitchen. A lifted forward exploration
would first create all possible combinations for sandwich
atoms sandwich (o, , . .., 0., ). This grows exponentially in
n, making the forward evaluation infeasible. Indeed, as the
arity of the sandwich predicate scales, Childsnack falls out-
side the tractability case of Theorem 2.
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Figure 1: The lext regression graph (left). Related approaches with exponential node explosion in one intermediate grounding

step (right).

4 A Lifted Regressive Formulation for /%%

In this section we will formulate 2**? in an alternative way.
As it builds the foundation for our Lifted Regressive compu-
tation, we call it %944 Proceeding backwards, i.e. using
regression, allows to omit the intermediate grounding step
forward approaches are linked to. This allows h“?244 to op-
erate independent of any delete relaxed reachable atoms. To
define h27e? we introduce the lext (lifted extension) func-
tion, representing a lifted regression tree where nodes are
multisets of lifted atoms L € PX*. Each node represents a
sufficient condition for delete relaxed plan existence. Start-
ing from the goal, lext recursively defines new conditions
by replacing exactly one atom with the lifted precondition
of an action that can that can achieve it. This ensures that
if s F L for any node, a (relaxed) plan exists. When each
node is linked to the total cost of actions along its creation
path, R4 represents the lowest cost for a node to be sat-
isfied. We prove in Section 5 that h=72dd (5) = padd(s) for
all s € S.

Figure 1 shows the lext tree for our running example,
with one goal served(o.,), to the left. The only action
that may achieve the goal served(o.,) is serve_sandwich.
We replace the atom served(o.,) with the precondition
of serve_sandwich, replacing the first parameter to match
served(o.p,). If the node is satisfied, then the heuristic value
is 1. Otherwise, we need to explore the tree by considering
all options of achieving an atom in the node by some ac-
tion. In this case, the only predicate appearing in the add
list of an action and the node is sandwich. The correspond-
ing atom sandwich(x1, ..., x,) is subsequently replaced by
make_sandwich in the next step.

make_sandwich(z¢q ... Z., — content):

pre : {inKitchen(z¢1), ..., inKitchen(z¢n)}

add : {sandwich(z¢c1,...,Ten)}

del : {inKitchen(z.1), ..., inKitchen(z¢y)}
serve_sandwich(z.p —child .1 . .. ., — content):
pre : {likes(xch, Te1), - - -, likes(zen, Ten ), sandwich(zer, ..., Ten)}

add : {served(z.n)}

del : {sandwich(z1, . .

L Ten)}

Figure 2: Actions for the Childsnack running example.

The tree to the right of Figure 1 illustrates what would
happen when integrating intermediate grounding step into
the backwards approach. We will prove in Theorem 5 of sec-
tion 5, that the fully lifted tree to the left implicitly represents
the complete grounded tree to the right. The lifted represen-
tations allows to be more compact by shifting complexity
from search to node evaluation. In many planning tasks, the
additional evaluation introduces at most polynomial over-
head, as it aligns with tractable evaluation cases, like in our
running example where all nodes are acyclic. The grounded
case makes it more obvious that this closely aligns with a
delete-relaxed plan extraction. A delete relaxed plan corre-
sponds exactly to the replacing grounded actions on the path
to a satisfied node, compare Suda (2016).

We will now formalize the approach. We start with the
part of lext which remaps the parameters of the action s.t.
the add element matches exactly the description of some
p() € Lforagiven L € PX*. For convenience, we assume
ladd(a)| = 1 for a € A. This is achievable by a simple task
transformation preserving h%4¢ (Corréa et al. 2021).
Definition 1. Let p(Z) € L € PX* and a € A. A mapping
o: X(a) —» X UOQO isvalid for a, p(Z) and L if:

(1) p(7) € add(o(a))

(2) X(o(a)) N X(L) = X(p(Z))

(3) 01X (a)\ X (add(a)) is injective
The set VarRemap(L, p(Z), a) denotes all valid variable
mappings for p(Z) € L,a € A
Condition (1) ensures that the parameters of the add element
are remapped to match the lifted atom it shall replace. Con-
dition (2) and (3) combined ensure that variables that are not
part of the add element, are each replaced by a unique new
variable that is not already part of L € PX* to not addition-
ally restrict variable substitutions.

To define the regression graph via lext for a set L € PX*
we define concrete transitions lext(L,p(Z),a) if a € A
achieves some p(Z) € L and their collection lext(L).

Definition 2. The lifted regressive extension for p(¥) € L €
PX* over a € A, denoted as lext(L,p(F),a), is defined

: . e if fo € VarRemap(L, p(%), a)
lext(L, p(7), @) = {L \{p(@)} Uo(pre(a) o

We extend this to obtain all applications # | as lext(L) :=
{(a, L) | L #lext(L, p(Z),a) = L' a € A,p(Z) € L}.



Note that the choice 0 € VarRemap(L,p(Z), a) is not
uniquely determined. In particular, names of variables that
were not part of L before are undetermined. We fix the
choice to the smallest z; for ¢ € N that are not part of L, like
in the running example. Any other choice creates an isomor-
phic structure that only differs in the names chosen for new
variables. We define h”7%44 as cheapest cost to a satisified
node L when adding up the action cost along the path to L.

Definition 3. The value of h*%? js defined as the point-
wise greatest function satisfying the following equation:

LRadd 0 fsEL
h (s, L) = min  c(a) + hERedd(s L), ofw

(a,L")€lext(L)

Furthermore, we set: h1dd(s) = pLRadd (g T,

5 Equality to ho%?

Before describing in detail how to compute =723 we will
prove that h??? and L4 produce the same heuristic val-
ues. We consider two separate cases for s € S: h®¥4(s) =
oo and he44(s) # occ.

Proposition 4. Vs € S : h?dd(s) = oo = hERedd(s) =
<.

Proof sketch. Tt is known that h®¥(s) # oo if and only
if there is a delete-relaxed plan for s. If hFfedd(s) £
00, then there is a sequence of Lg,...,L, € PX* such
that L,, = T, L;—y = lext(L;, p(¥);, a;) (using o;), and
s | Lo (with 8y € match(s, Lg)). Then, the sequence
90(0’1 (a1>), .. .,Qn,l(an,l(an)) with 6; O ei,l‘x(gi) for
i € Nt is a delete-relaxed plan for s, contradicting
hedd(s) = co. O

Note that the proof hints a delete-relaxed plan extraction,
though for this paper, our focus remains on a pure com-
putational analysis of h*¥® It seems reasonable to assume
that the advantages we observe for 2% would transfer to a
delete relaxed plan extraction.

We now consider the case h%%?(s) # co. Lemma 5 shows
that the value of h”%244 does not change under intermediate
grounding as illustrated in Figure 1.

Lemma5. Vs € S, L € PXt:
hLRadd(S, L) = min&ematch(L) hLRadd(& Q(L))

Proof sketch. Tt holds  that  hLFaedd(5 ) <
Mingematen(r) 7% (s,0(L)), as any 6(L) is just a
more constrained version of L. To show the other direc-
tion, consider any lext-path Lg,..., L, where L, = T,
L;_1 = lext(L;, p(Z);, a;) with Y-, c(a;) = hEFedd (s L)
and s = L. Let 8* be a variable replacement under which
s | Lg. Then, hlfedd (s [ pLAedd (s (L)) >
Inin@»’:‘mm;ch(L) hlRadd (S, Q(L)) ]

The proof highlights the advantage of h’f*? over the
naive grounded regression as it entails an exponential de-
crease of nodes in the running example. This result further
provides an important insight to understand the connection
between h%4¢ and other lifted heuristics (McDermott 1996),

as we discuss in Section 9. Now we prove that for grounded
sets we can split up the computation like in the h**? defini-
tion. Combining this result with Lemma 5 proves our main
claim.

Lemma6. Vs € S, G € PO
WERdd (5 G) = 7 e hER4 (s, {p(3)})

Proof sketch. Recall that the value of h%??94 corresponds
to the cost of one cheapest lext-path. W.l.o.g. assume G =
{p1(01),p=2(02)}. To show < we split any lext-path from
G into two parts: One path for the (recursive) replacements
of p1(01) and the rest corresponding to the replacements of
p2(02). The splits add up to the same cost. A split in this
way is possible as p;(01),p2(02) are grounded and so do
not impose variable constraints onto each other. To show >
we argue that any two lext-paths for {p;(01)} and {p2(02)},
can be combined by rewriting the variables of the po(05)
path to exclude any variables from the p; (67) path, and then
append them.

Theorem 7. Vs € S : hodd(s) = pLRadd ()

Proof sketch. Proposition 4 covers the case h*¥%(s) = oo.
For h%dd(s) # oo, L € PX* we prove h-fedd(s ) =
Mingematen(r) L (s, 6(L)) which proves the claim.

Proof via induction over the minimal recursion depth of
any h®?4(s, (L)) computation. For the base case (depth 0)
we know that there is a § € match(L) so that (L) C s and
thus hLRadd (s [) =0 = MiNgemateh(r) hadd (s, 0(L)).

For the induction step we distinguish between |L| = 1
and |L| > 1. For |L| = 1, i.e. just one atom, it is easy to
observe (Obs.) that (1) grounding the atom to determine the
precondition of the achiever action and (2) determining the
lifted precondition via lext to ground afterwards both return
the grounded precondition of an action that can achieve the
atom. Thus:

min  h*(s,0(L))

[ Def. R ]
6cmatch(L)

i i R (s, o' Obs.
GEmIEtlgm(L) 9/(a)£c11111(9<1:))c(a)+ (5, pre(9(a))) [Obs. ]

c(a) + h*™ (s, pre(0' (a)))

min min
(a,pre(a))€lext(L) 6’ €cmatch(a)

c(a) + hEfedd (s,pre(a)) [LH.]

= min
(a,pre(a))€lext(L)

_ hLRadd (8, L) [Def hLR(de ]

For |L| > 1:
add
GEHgICCh(L) h (87 O(L))
— 3 add — add
= pematen(L) Z h* (s, 0({p(2)})) [ Def. h"** ]
p(Z)eL
= min 3 htldd 79/ 0 N
p DD i B s, 6 Op@))
p(Z)eL
— ; LRadd ~
=, min ST R (s 0({p(@))) [LH. |
p(¥)EL
— : LRadd __ 3 LRadd
N eemrgtlﬁ(L) h (5,0(L)) = h (s,L) [ Lemma 5,6 |
O



6 Computation, Runtime and Complexity

To compute h“f%44 on some s € S, we find one cheapest
satisfied node in the lext regression graph using a uniform-
cost search. Upon expansion of each node L € PX*, we
check whether its query is satisfied in s using a standard
database evaluation with a GYO-inspired order. If s = L, the
algorithm stops returning the node’s cost. Or, if the state is a
dead-end, we return oo whenever the search space has been
exhausted or if the search depth exceeds an upper bound on
the h24 value. We improve upon this naive search in Sec-
tion 7.

In the following, we identify a new fragment of lifted
planning tasks on which computing ~%¢¢ with our method is
tractable, and connect this to previously used benchmarks.
The runtime of hZ%%4¢ is bounded by the amount of ex-
plored nodes times the runtime for the most expensive satis-
fiability check. To determine a bound on the nodes explored
while computing h17444(5), we define the set of lext nodes,
E;.

Definition 4. Given s € S and i € Ny, we define the explo-
ration layer E; ; of lext for i = 0 as E; o := {I'} and for
i>1las Es 41 :={L'| (a,L") €lext(L),L € E; ;}. And
set By = U?:J(S) Eq ;.

In this analysis, we assume action costs are at least 1. This
restriction aids in understanding the runtime by connecting it
to h%44 values. Specifically, the set E/; serves as a clear over-
approximation of the lext-nodes explored by our method, so
we can bound the amount of explored nodes by bounding
|E|. We omit the detailed proof here, referring to the ap-
pendix. The key observation is that the depth of our explo-
ration corresponds to h2%?(s) and the branching factor does
not scale exponentially in the size of the planning task.

Proposition 8. Let s € S. An upper-bound on |Es| is:

. . . . padd () h"(s)
O((IT] - |A| - max pre(a)| - max |add(a)| - h**(s)) )

At the end of the section we will observe that there are
many interesting cases where the size of a lifted planning
task (e.g., number of objects) and h%?¢ are not inherently
correlated, making the identified bound highly complemen-
tary to the one identified for the forward evaluation.

Similar to the forward evaluation, we will now formulate
a tractability theorem relating to our backward evaluation.
We apply the same idea of using conjunctive query evalua-
tion only under acyclicity. Note that an acyclic task does not
necessarily imply that the evaluation encounter only acyclic
nodes, and vice versa. To provide a tighter bound, suitable to
fit practical planning tasks, we will establish a limit for each
value h??4 (s, {p()}) for all subgoals p(3) € T.

Theorem 9. Computing h®® on a lifted planning task with
non-zero action cost where h®?(s {p(5)}) < k € N for all
p(0) € T and all L € E; are acyclic is in PTIME.

Proof. We can compute h?¥? (s, {p(5)}) separately for all
p(0) € T. As hFadd rung in polynomial time w.r.t. the lifted
planning task representation under these conditions (accord-
ing to the bound on the number of nodes from Proposition §,

and since each set of lifted atoms can be checked for sat-
isfiability in polynomial time if it is acyclic), this yields a
polynomial time computation.

The restriction in Theorem 9 fits very well into the pic-
ture of planning tasks that are easy to solve due to having
short plans, but have a lot of delete-relaxed reachable ground
atoms. This is one of the motivations described by Ridder
and Fox (2014) or Lauer et al. (2021). An example where
forward exploration leads to exponential blow-up due to in-
creasing predicate arity and number of objects is the lifted
Childsnack variant, corresponding to our running example.

Of course, our evaluation is expected to outperform the
forward evaluation when the latter encounters exponential
blow-up, while our backward approach maintains a poly-
nomial runtime. A more interesting observation is that this
expectation can extend to situations where both Theorems
2 and 9 apply, meaning both approaches are guaranteed to
be polynomial. The reason is that even with restricted pred-
icate arity, the forward evaluation often struggles with a
hugely increasing amount of objects, due to the large num-
ber of grounded atoms generated. When the h®? values
for subgoals are fixed to a small constant in a domain, our
approach excels by avoiding the generation of additional
grounded atoms. The advantage is that we only need a small,
constantly-bounded, number of conjunctive query evalua-
tions. Under acyclicity, this evaluation reduces tables, that
represent at most the current state, preventing to generate
new atoms. In other words, our approach scales indepen-
dently of the number of objects, unlike the forward evalu-
ation.

The lifted benchmark set introduced by Lauer et al. (2021)
contains examples illustrating precisely this behavior. In
Blocksworld all blocks are initially on the table. Thus in the
delete-relaxed setting one stack operation per subgoal suf-
fices, bounding 2*?? by a small constant. The backward ex-
ploration essentially checks whether the few required blocks
to achieve the goal can be stacked. The forward exploration,
however, would generate a quadratic amount of stacks that
correspond to all possible combinations. Another example is
Logistics where each package can be delivered in a constant
amount of steps, regardless the number of packages, trucks,
or cities. Then again our 2%%¢ value is bounded by a small
constant. Scaling up the map size or the number of vehicles
leads to the forward evaluation exploring the navigation of
all vehicles through all locations to make any deliveries.

There are further examples within the commonly used
IPC benchmark set. Gripper is a good example, where the
robot picks up a ball, moves it, and places it in another room.
Similar to Blocksworld, h“%%%¢ can easily check that a con-
crete ball can be moved, while the forward evaluation moves
all objects, regardless whether they need to be moved.

7 Making the Computation Practicable

While Theorem 9 highlights a big strength of hZ%add | the
straightforward realization outlined in section 6 can be im-
practical. This section introduces two optimizations to im-
prove the practicality of our computation by restricting the



exploration of the lext graph while maintaining the h%%¢
value.

To understand the adressed bottleneck, consider the
running example, with a different goal {served(ox1),
served(ocpz2) }- Initially, both goal elements can be replaced,
so the branching factor is 2 instead of 1. In the subsequent
step, the replacement either selects the unreplaced goal
served(ocp;) or the obtained precondition for served(ocp; ).
This results in a cross-product over the expansions for a
single goal, causing exponential growth in the size of the
goal. Both optimizations independently address and elimi-
nate the exponential blow-up in this example in complemen-
tary ways.

7.1 Limiting the achiever selection

Our first optimization restricts the branching factor in the
regression graph exploration. The following Theorem moti-
vates to explore a subset of transitions of lext by considering
only the replacements for a subset Lg C L if s ¥ Lg in the
current s € S instead of all replacements for L € PX+.

Theorem 10. Let s € S, L € PX*, Lg C L and lextg :=
{lext(L, p(Z),a) € lext(L) | p(¥) € Lg}. If s ¥ Lg, then:

pERadd(s 1) =  min  c¢(a) + hER(s, L)
(a,L’")Elexts

Proof sketch. This is a more general version of Lemma 6.
The main idea is that to satisfy L, a replacement of some
p(Z) € Lg must occur on the path from L to the satisfied
set I'. Shifting this replacement backward or forward in the
replacement order of lext does not alter the content, up to
rewriting, nor the cost of L. This allows to enforce the re-
placement immediately. O

Thus we can simplify our exploration of lext by
excluding transitions outside lexts and still guaran-
tee equality to h%??. In the modified example, if a set
L € PX* is unsatisfied in s € S, it contains either
sandwich(zy, ..., z,), likes(zen, 1), - . ., likes(xep, Tp)
or served(oqpn;) that is unsatisfied. These sets represent
Lg where only one atom can be replaced, allowing us to
explore just one node per step.

Conjunctive query evaluations, as based on Yannakakis
and GYO, produce Lg as a byproduct when L is unsatisfi-
able. As atoms are combined incrementally, we take Lg as
the atoms combined until proving unsatisfiability. In our ex-
ample, Lg always has a single lext-successor, avoiding the
exponential explosion.

7.2 Independent subset partitioning

As argued in Theorem 9, we can compute h**? separately
for all goal atoms to avoid an exponential enumeration over
all parts. This idea can be generalized to partition sets when-
ever they can be split into parts with disjoint sets of parame-
ters.

Theorem 11. Let L1, Ly € PX*, L = L1ULy and X (L1)N

X(Ly) = 0, then hEFedd(s [) 4 plRaedd(s [,
hLRa d(S,L).

Backward (BW) FW | COMB
— L I L+I

Blocksworld (40) 00 25 50 7.5 2.5 7.5
Childsnack(144) 00 76 208 243| 236 229
GED (312) 00 0.0 0.0 00| 433 42.6
Logistics (40) 10.0 200 100 90.0| 175 87.5
Org.-Synthesis 56) | 0.0 0.0 5.4 7.1 | 804 80.4
Pipesworld (50 00 00 0.0 0.0 | 40.0 40.0
Rovers (40) 00 0.0 0.0 00| 275 27.5
Visitall (180) 7.8 100 17.8 20.6| 65.0 64.4
Sum (862) 17.8 40.1 59.0 149.5299.7 | 3729
Sum orig. (862) 18 38 71 115 | 370 396

Table 1: Normalized coverage (percentage of solved in-
stances) of different h24¢ computations: our approach with
each optimization enabled/disabled (BW), the forward lifted
computation (FW) by Corréa et al. (2021), and their combi-
nation (COMB).

Proof sketch. This is a special case of Thm 10. First enforce
all replacements of L; until satisfied and then of Ls. O

This allows us to explore the smaller regression graphs
underlying L; and Ls independently and so implicitly enu-
merate all combinations instead of exploring the whole
graph underlying L. As this eliminates explicit enumeration
over all goals, it avoids the exponential enumeration in our
example.

8 Experiments

We implemented h’f%?? with the optimizations described
in section 7 within the Powerlifted Planner (Corréa et al.
2020). We coupled our heuristic and the lifted 2% vari-
ant of Corréa et al. (2021) for comparision with Greedy-
Best-First Search (GBFS) to evaluate its performance on the
benchmark set introduced by Lauer et al. (2021). We se-
lected the variant based on Yannakakis algorithm as succes-
sor generator. The experiments were run on a cluster of ma-
chines with Intel Xeon E5-2650 CPUs with a clock speed of
2.30GHz using the Lab framework (Seipp et al. 2017) Time
and memory limits were set to 30 minutes and 4GB respec-
tively for all runs. The source code of our implementation
will be publicly available.

Table 1 presents a comparison of normalized coverage,
i.e. percentages of tasks solved per domain, as used in Holler
and Behnke (2022).2 We perform an ablation analysis of the
optimizations of our approach (BW): limiting the achiever
selection (L) from Section 7.1 and independent subset parti-
tioning (I) from Section 7.2. As a baseline, we use the lifted
forward evaluation by Corréa et al. (2021) (FW). We verified
correctness the correctness of our implementations by con-
firming that the expansions and initial heuristic value FW.
As both approaches turned out to be very complementary,
we also introduce a simple combination (COMB) that auto-
matically picks which method to use in each instance. To do

*Normalizing the coverage reduces the influence of the huge
disparity of instances per domain in this benchmark set.
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Figure 3: Comparison of FW and BW in terms of evalua-
tions per second and search time. Search time is measured
up to the last common f-layer. Data points in the extremes
represent cases where one of the methods failed to compute
the heuristic value for the initial state.

that, COMB uses both FW and BW (with optimizations en-
abled) for the first 10 evaluations, and times out the slower
variant. The search proceeds using only the approach that
was faster during those evaluations.

The results of our ablation analysis show the importance
of our optimizations in order to make the computation fea-
sible in practice. The naive approach without any optimiza-
tions solves very few tasks, and only in two domains. Both
optimizations are orthogonal, so enabling them together
maximizes coverage in each domain for BW. The substantial
differences between enabled and disabled simple optimiza-
tions further underlines the potential for this approach to ex-
cel with further investigation aimed at reducing regression
graph size.

When comparing FW and BW, we see that they show
strenghts on different domains. Our approach (BW) excels
at domains were the h%?¢ values are small as explained in
Section 6: Blocksworld, Childsnack, and Logistics. The per-
formance is particularly impressive in Logistics, where BW
solves 90% of the instances, compared to the previous rate
of just 17.5%. On the other hand, we also observe a notable
decrease in coverage for the remaining five domains, with
three of them remaining entirely unsolved. This aligns with
our earlier analysis of complexity, as these domains exhibit
longer delete-relaxed plans, and comparably fewer delete-
relaxed reachable facts.

This indeed presents complementary picture we expected
to find. However, this does not render hLF%%4 ygeless, as it is
easy to detect when it pays off or not. Our simple combina-
tion COMB is able to select the faster method with insignif-
icant overhead, taking advantage of this complementary be-
havior, and making it the top-performing h%%¢ configuration
in terms of coverage.

While the increase in coverage for Childsnack and
Blocksworld may appear modest in terms of (normalized)
coverage, there is a significant acceleration in heuristic com-
putation speed. This is clearly demonstrated in Figure 3,
which compares the number of evaluations per second and

search time of FW and BW. In order to compare the perfor-
mance also on tasks that are not entirely solved, we com-
pare the performance until the last common f-layer. Note
that both approaches compute the same heuristic values, so
the comparison is always up to expanding the exact same set
of states.

In this comparison, we can see that the speed up in heuris-
tic computation is of one order of magnitude in Logistics
and more than two orders of magnitude in Blocksworld. Ad-
ditionally, the data points for Blocksworld reinforce our the-
oretical analysis. They reveal three distinct plateaus of data
points, each corresponding to a significantly increased num-
ber of delete-relaxed reachable atoms needed to compute the
ha44 value with the forward method.

On the other hand, we also observe that there are many in-
stances where the methods (specially BW), fail to even com-
pute the heuristic of the initial state. This highlights the im-
portance of considering multiple methods to compute these
heuristics at a lifted level.

9 Related Work

There are other approaches that compute delete-relaxation
heuristics at a lifted level. VHPOP (Younes and Simmons
2003) also computes h*?? using lifted regression in the con-
text of partial-order planning. However, a fundamental dif-
ference is that their approach performs grounding in every
intermediate step (see Figure 1). We are not aware of any
delete relaxation approach operating fully lifted like ours.

The heuristic by McDermott (1996) deviates addition-
ally by greedily selecting a subset of variable replacements
in each intermediate grounding step, instead of considering
all possible matches. In Lemma 5, we demonstrate that the
intermediate grounding does not alter the heuristic value.
This insight helps to explain the connection between Mc-
Dermott (1996) and h%¢¢, which Bonet and Geffner (2001)
left open: The difference in heuristic values is solely due
to greedy selection. And of course, there are less computa-
tional guarantees, as in grounded planning tasks the forward
exploration always runs in polynomial time.

While we are unaware of delete relaxation approaches op-
erating fully lifted like ours, some approaches to solving
planning tasks in general share a similar spirit. For exam-
ple, Singh et al. (2023) regressively creates a disjunctive
formulas, where each part of the disjunction roughly cor-
responds to a node in our tree, along with extra conditions
for the deletes. However, they come with caveats. The main
problem is ensuring replacements are valid, in a sense that
there are no unintended deletes. This requires larger condi-
tions, which are likely to be cyclic and so crucially harder
for conjunctive query evaluation. Furthermore, computing
actual plans requires considering that actions may achieve
more than one atom in a single step. Whereas our replace-
ment of exactly one atom in the delete relaxed case simpli-
fies things considerably. UCPOP (Penberthy and Weld 1992)
can also be seen as an approach recursively creating a tree of
first order logic formulas. The significant advantage is that
the need for additional conditions is restricted to the case
when there is a causal link. But, once again, contrary to our
method, they apply intermediate grounding.



Conclusion

We introduced , a new method to compute the h%%¢
heuristic at a lifted level. hX"*?? performs a lifted back-
ward exploration, where each node corresponds to a con-
junctive query. This avoids grounding entirely, introducing a
new tractability island on tasks with low h*?? value, regard-
less of the amount of objects and predicate arity. In practice,
hIAedd s highly complementary to the traditional forward
approach, and experimental results demonstrate that a com-
bination of both can achieve state-of-the-art performance in
lifted 2**@ computation across various domains. This fur-
ther opens new research avenues for heuristics in lifted plan-
ning, e.g., computing other heuristics such as A" (Hoft-
mann and Nebel 2001; Corréa et al. 2022) in similar ways.

hLRadd
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